Abstract. In archimedean analysis Tauberian operators and operators having property N were defined by Kalton and Wilansky (1976) . We give several characterizations of p-adic Tauberian operators and operators having property N in terms of basic sequences. And, as its applications, we give some equivalent relations between these operators and p-adic semi-Fredholm operators.
Introduction. Throughout this paper, K is a non-archimedean non-trivially valued complete field with a valuation | |. Let E and F be infinite-dimensional Banach spaces over K. Let L(E, F ) stand for the set of all continuous linear operators from E into F . In this paper, we say that T ∈ L(E, F ) is semi-Fredholm if its range space, R(T ), is closed in F and its kernel, N(T ), is finite-dimensional. Further we recall that T ∈ L(E, F ) is Tauberian if x ∈ E , T x ∈ E imply x ∈ E. And T ∈ L(E, F )
has a property N if x ∈ E , T x = 0 imply x ∈ E. If K is spherically complete, then E is a strongly polar (of course a polar) space, so the natural map J E : E → E is a linear homeomorphism into E (see [14] ). Let A be a subset of E. If E is a polar space and if A is bounded and closed in E, then A is also bounded and closed in E , respectively. We denote the closure of A in E or E byĀ, the weak closure of A in E byĀ w and the weak * closure A in E byĀ w * . If B is a subset of E , then we denote the weak * closure of B byB w * .
A subset X = {x 1 ,x 2 ,...,x n ,...} of E is said to be a basis for E if every x ∈ E has a unique representation in the form x = ∞ n=1 α n x n (α n ∈ K). And the subset X of E is said to be t-orthogonal if there exists a real number t, 0 < t 1, such that for any integer n and for any α i ∈ K (i = 1, 2,...,n), be of type l + if it is bounded and there exist a real number ε > 0 and x ∈ E such that |x (x n )| ε for all n.
A point x in E is said to be a weak (weak * ) limit point of a sequence {x n } n 1 if every weak (weak * ) neighborhood of x contains an element of {x n } n 1 different from x. Of course a weak (weak * ) limit point of the sequence is in the weak (weak * ) closure of
Let π denote an arbitrary fixed element of K with 0 < |π | < 1. Other terms and symbols will be used in [16] .
In archimedean analysis, many characterizations of Tauberian, semi-Fredholm operators and operators having the property N are given (e.g., [3, 4, 9] ). Some of them are presented in terms of sequences. In this paper, we give the analogous results to them. Further, as applications of them, we give that equivalent relations among those operators.
Basic sequences.
In this section, we give some results on basic sequences. Before proceeding our discussions, we first recall the following two theorems.
Theorem 2.1 (see [8] 
denote the linear span of {x n : n = 1, 2,...} and for each m let P m denote a linear operator from L({x n }) into itself defined by 
Then for integer k 2, we have
Obviously,
Hence for every integer k, x k ∈ (L({x n })) . It follows that x k has a unique continuous linear extension to all of [{x n : n = 1, 2,...}], still also called x k . By the continuity of x k , P k and their definitions on L({x n }), it is easy to see that for every
and ε > 0 be given. Thus
Then there exist an integer n 1 and an element y in the linear span of {x 1 ,x 2 ,...,x n 1 } such that x − y < ε . If n n 1 , then we have
This implies that
which completes the proof.
Corollary 2.4. Every t-orthogonal sequence (0 < t 1) in a Banach space is a basic sequence.
Proof. t-orthogonal sequences satisfy the condition of Proposition 2.3 as shown in the proof. Proposition 2.5. Let E be a strongly polar space and {x n } n 1 be a basic sequence in E. If x ∈ E is a weak limit point of {x n } n 1 , then x = 0.
Proof. Since {x n } n 1 is a basic for [{x n : n = 1, 2,...}], there exists a real number t, 0 < t 1, such that {x n } n 1 is t-orthogonal. For every k define a linear operator
Since E is a strongly polar space, by [12, Theorem 4.2] , g k has an extension linear operator to all of E. Hence we may assume that g k ∈ E and g k (x j ) = δ kj . Since x is a weak limit point of the sequence {x n } n 1 , we have
where
It follows that x has a unique expansion of the form 
Proof. Choose three sequences {r n } n 0 , {s n } n 0 , and {t n } n 0 in R (the set of real numbers) with the following properties:
(i) 0 < r n < 1 for all n 0, (ii) whenever 1 p < q < ∞,
. Since x 0 ∉Ā, there exists a real number δ > 0 such that for every z ∈ A, z − x 0 δ. By hypothesis, there is a y 1 ∈ A such that
Then we have
Hence x 1 ∈ E 1 . Since E is a strongly polar space, for every ε > 0, x 1 has an extension x 1 ∈ E such that
By hypothesis, there is a y 2 ∈ A such that
Now, we show that for every x ∈ E 1 and for every α ∈ K,
Towards this end it is sufficient to show that
If |α| 1/δ, then we have
Since ε is arbitrary, we have We wish to show that for every x ∈ E 2 and for every α ∈ K,
We may assume that |π |
(2.28)
Since ε is arbitrary, we have
Hence, in the case max( λb 1 , µb 2 ) = λb 1 , we showed the inequality (2.27). If max( λb 1 , µb 2 ) = µb 2 , then in a similar fashion, we can also show the inequality (2.27). Thus, for every λ 1 ,λ 2 ,λ 3 ∈ K we have
Proceeding thusly, we find a sequence {y n } n 1 in A such that all n 1
and for which given 1 p < q < ∞ and
By Proposition 2.3, the sequence {y n − x 0 } n 1 is basic. Now, we wish to show that
To this end, suppose that there exists a non-zero element x in
Take a real number ε 1 such that 0 < ε 1 < x . Then there exist α 1 ,α 2 ,...,α n , α n+1 ,...,α j ∈ K such that
(2.35)
Hence, we have
This is a contradiction and we showed that
Hence there exists m such that
Thus, for every positive integer n we put x n = y m+n , then the sequence {x n } n 1 is the required sequence, which completes the proof.
From now on we assume that K is locally compact. Then we recall that every Banach space is strongly polar. 
Proof. The proof is similar to the archimedean case (e.g., [1] ). Choose a sequence {r n } n 1 in R with the following properties:
(i) 0 < r n < 1 for all n 1.
Take any x 0 ∈ E such that |x 0 (x 0 )| x 0 /2. Since x 0 ∉B, there exists a real number δ > 0 such that for every z ∈ B z − x 0 δ. By hypothesis, there is a y 1 ∈ B such that
(2.39)
Then F 1 is the one-dimensional subspace of E . Since K is locally compact, the subset 
We wish to show that for every x ∈ E and for every α ∈ K,
We may assume that |π | x 1. Suppose that |α| 1/δ. There exists an a i such that
This means that x = a i . We have
Hence for every x ∈ E and for every α ∈ K the inequality (2.43) holds. Set
and 
By hypothesis, there is a y 3 ∈ B such that
(2.50)
In a similar fashion to the above proof, for every x ∈ E and for every α ∈ K we can obtain the following inequality:
Thus, proceeding this way, we find a sequence {y n } n 1 in B such that for all n 1,
In a similar argument to the proof of Theorem 2.6, we can conclude that there exists a sequence {x n } n 1 in B which satisfies the given conditions.
The next corollary follows immediately from Theorem 2.7.
Corollary 2.8. Let A be a subset of E. If x 0 ∈ E is a point ofĀ w * in E such that x 0 ∉Ā, then there exists a sequence {x n } n 1 in A and x 0 ∈ E which satisfy the following conditions:
Further we have the following corollary.
Corollary 2.9. Let {x n } n 1 be a sequence in E such that
Then the following statements are equivalent.
(1) {x n } n 1 contains a basic subsequence.
(2) {x n } n 1 contains a basic subsequence of type l + .
(3) {x n } w n 1 is not weakly compact.
Proof. (1)⇒(3)
. Let {x n i } i 1 be a basic subsequence of {x n } n 1 . Since 0 < inf n x n , {x n i } i 1 does not contain a norm-convergent subsequence, so does not contain a weakly convergent subsequence. Hence by [5] ,
is not weakly compact, so
is weak * compact. Hence by hypothesis, there exists a weak * limit point p 0 of {J E (x n ) :
Hence by Corollary 2.8, there exist a subsequence {J E (x n k )} k 1 of {J E (x n )} n 1 and x 0 ∈ E with the following conditions:
(2.56)
Let P and Q be projections from Z onto Z 1 and Z 2 , respectively. Then P | z 2 is an isomorphism from Z 2 onto Z 1 , so it is homeomorphic. By virtue of
..} is a basis for Z 1 . Since it holds that
57)
{x n k } k 1 contains a basic sequence of type l + . Thus we complete the proof.
3. Tauberian operators. Now we give characterizations of Tauberian operators and related operators by using a basic sequence. Let B E = B 1 (0) and B E = {x ∈ E : x 1}. Before we proceed to our main results, we show the following proposition. F ) . Let {x n } n 1 be a bounded basic sequence such that {T x n } n 1 is basic. If {T x n } n 1 converges, then so does {x n } n 1 .
Proof. At first we note that if a basic sequence converges, then its convergent point is zero. Suppose that {x n } n 1 does not converge. Then we may assume that there exists a real number δ > 0 such that for every n (n = 1, 2,...) x n δ. Since {x n } n 1 does not converge weakly to zero, there exist a real number ε > 0, x 0 ∈ E and a subsequence {x
Then {y k } k 1 is a basic sequence and
Since there exists a real number t, 0 < t 1 such that {y k } k 1 is t-orthogonal, it holds that This is a contradiction to the above, and so {x n } n 1 converges to zero.
Corollary 3.2. Let T ∈ L(E, F ).
Let {x n } n 1 be a basic sequence such that 0 < inf n x n sup n x n < ∞. If {T x n } n 1 is basic, then {T x n } n 1 does not contain a convergent subsequence. 
